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We calculate twisted denominator identities of the fake monster superalgebra 
and use them to construct new examples of supersymmetric generalized Kac- 
Moody superalgebras. Their denominator identities give new infinite product 
identities. 



1 Introduction 

There are 3 generalized Kac-Moody algebras or superalgebras which represent 
the physical states of a string moving on a certain variety, namely the monster 
algebra, the fake monster algebra and the the fake monster superalgebra 
The no-ghost theorem from string theory can be used to construct actions 
of finite groups on these algebras. For example the monster group acts on the 
monster algebra. Applying elements of the finite groups to the Weyl denomi- 
nator identity of these algebras gives twisted denominator identities. They can 
be calculated explicitly because the simple roots of the algebras are known. For 
the monster algebra and the fake monster algebra this has been done in Q. 
There Borcherds uses twisted denominator identities of the monster algebra to 
prove the moonshine conjectures. In this paper we calculate twisted denomina- 
tor identities of the fake monster superalgebra and use them to construct new 
examples of supersymmetric generalized Kac-Moody superalgebras. They have 
similar properties as the fake monster superalgebra. For example they have no 
real roots and the Weyl vector is zero. Their denominator identities give new 
infinite product expansions. In a forthcoming paper we show that they define 
automorphic forms of singular weight. 
We describe the sections of this paper. 

In the second section we recall some facts about the fake monster superal- 
gebra and describe the action of an extension of the Weyl group of Es on this 
algebra. 

In the third section we derive the general expression of the twisted denomi- 
nator identity corresponding to elements in this group of odd order. 

In the last section we calculate the twisted denominator identities explicitly 
for certain elements of order 3 and 7. We construct two supersymmetric gener- 
alized Kac-Moody superalgebras of rank 6 and 4 and describe their simple roots 
and the multiplicities. 
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2 The fake monster superalgebra 



In this section we recall some results about the fake monster superalgebra from 

and construct an action of 2^ .2.Aut{Es) on it. The main difference to the 
bosonic case described in Q is that we have to work with a double cover of the 
automorphism group of the light cone lattice rather than with the automorphism 
group of that lattice. 

The fake monster superalgebra G can be constructed as the space of physical 
states of a chiral N=l superstring moving on a 10 dimensional torus. G is a 
generalized Kac- Moody superalgebra. The root lattice of G is the 10 dimensional 
even unimodular Lorentzian lattice //g^i = Eg (B A nonzero element 

a G //g,! is a root of G if and only if < 0. In particular G has no real roots. 
This reflects the fact that the superstring has no tachyons. The multiplicity of a 
root a is given by multo^a) = multi{a) = c(— where c{n) is the coefficient 
of g" in %r]{q^f/-q{qY^ = 8 + 128g + 1152g2 + 7680g3 + A2ll2q^ + ... and r]{q) 
is the Dedekind eta function. There are 2 cones of negative norm vectors in 
I/g^i. We define one of them as the positive cone and denote the closure of the 
positive cone by II^i. Then the positive roots of G arc the nonzero vectors in 
IIqi and the simple roots of G are the positive roots of zero norm. The simple 
roots have multiplicity 8 as even and odd roots. The Cartan subalgebra of G 
is isomorphic to the vector space generated by //g.i. Since G has no real roots 
the Weyl group is trivial. The Weyl vector of G is zero. 

We describe some results about the 8 dimensional real spin group. For more 
details confer jjj. Let O be the real 8 dimensional algebra of octonions, i.e. the 
unique real alternative division algebra of dimension 8. O has a quadratic form 
N permitting composition. For & £ O define the left multiplication Lb, the right 
multiplication Rb and the operator Ub = LbRb = RbLb. Let Oo be the ortho- 
gonal complement of Ml and denote C{G>,N) the Clifford algebra generated 
by O with relations a? = N{a)l. There is an isomorphism e from the even 
subalgebra G'=(0,7V) of C{0,N) to the Clifford algebra C{Oq,~N) mapping 
la, a G O, to a, where we have identified the unit in G(0>0 5 —N) with the unit in 
O. G(Oo, —N) acts naturally on O by left and right multiplication. An element 
u of the spin group rQ(0, N) can be written as u = Ibi . . . 16„ with Y[ N{bi) = 1 
and £{u) = bi...bn. The actions = Lb^ . . . Lb^, pbW) — Rb^ . . . Rb„ 

and pviu) = Ub^ . . . Ub„ give three irreducible and inequivalent 8 dimensional 
representations of the spin group called conjugate spinor, spinor and vector 
representation. They are related by triality, i.e. pv{u){ab) = {pL{u)a){pii{u)b) 
holds for all a, 6 e O. The image of rg(0, TV) under each of these representations 
is 50(8). The kernel of pv : rg(0, N) S0{8) is {1, -1} so that r§(0, N) is 
a double cover of 50(8). The representations pl,Pr. and pv of the spin group 
induce representations of the Lie algebra so(8) with weights ^(±1, . . . , ±1) with 
an odd number of — signs, ^(±1, . . . , ±1) with an even number of — signs and 
the permutations of (±1, 0, . . . , 0). 

We embed Eg into O. Let Aut{Es) be the group of automorphisms of Es 
leaving the bilinear form invariant. Then Aut{Es) C 50(8) and the inverse 
image of Aut{Es) under pv is a double cover of Aut{Es). 
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Aut{Eg,) can also be constructed using the ring of integral octonions (cf. 
[Q). This description implies that -Es C O is also invariant under the actions 
PL and PR. 

Now we construct an action of an extension of the double cover 2.Aut{Es) 
on the fake monster superalgebra. The extension 2^ .Aut{Es) of Aut{Es) by 
Hom{Es, Z2) acts naturally on the vertex algebra Ve^ of the lattice Es- The 
same holds for the extension of 2.Aut{Es) by 2^ where 2.Aut{Es) acts by pv- 
The vector space Eg (g) IR.[i~^]t~2 is an abelian subalgebra of the Heisenberg 
algebra Es^R[t, t^^]t2 . The exterior algebra Vats of Es(S)M.[t^^]t~2 is a vertex 
superalgebra carrying a representation of the Virasoro algebra. Vns decomposes 
into eigenspaces of Lq with eigenvalues in ^Z. 2.Aut{Es) acts on Vns in the 
vector representation. We define the vertex superalgebra Vq — Vns ^ ^Bg- 
This algebra carries a representation of the Virasoro algebra of central charge 
4+8 = 12. We write Vb.n for the subspacc of Lo-degree n € ^Z. The vector space 
Es<S)^[t~^]t~^ is an abelian subalgebra of the Heisenberg algebra £"3 t~^]. 
We define Vr as the tensor product of the exterior algebra of Es R[t^^]i^^ 
with the sum S* © C of two 8 dimensional spaces. The double cover of Aut{Es) 
acts in the vector representation on the first tensor factor and in the spinor 
resp. conjugate spinor representation on the second factor. Vr can be given 
the structure of a V/vs-module. We decompose Vr = V^ © where is 
the subspace generated by vectors A ... A d-n^. ^ v where u is in C if A; is 
even and in if fc is odd and analogous for V^ . The projection of Vr on V^ is 
called GSO projection. We define Vi — V^ (g) Ves and adopt the same notations 
as for Vq. Vi carries a representation the Virasoro algebra of central charge 12. 
Now 2^ .2.Aut{Es) acts on the fake monster superalgebra in the following way. 
We decompose the Cartan subalgebra R Cg) Ilg,! by writing IIg,i = Eg (B IIi,i- 
2.Aut{Es) acts in the vector representation on the vector space generated by 
Es- Since G is graded by Ilg.i — Es®IIi.i it is also graded by We denote 

the corresponding spaces Ga with a G and the even resp. odd subspace 

Go,a r esp. Gi,a- AH these spaces are i?g-graded. By the no-ghost theorem (cf. 
[SSW|,0 or jB|) the even subspace Go,a is isomorphic to Vo_(i_a2)/2 and Gi,a 
is isomorphic to Vi,(i_a2)/2 as i^g-graded 2^ .2.Aut{Es)-niodn\e. This gives us a 
natural action of 2^ .2.Aut{Es) on the fake monster superalgebra. 



3 The twisted denominator identities 

In this section we calculate twisted denominator identities of the fake monster 
superalgebra corresponding to elements in 2.Aut{Es) of odd order. 

The fake monster superalgebra G, like any generalized Kac-Moody superal- 
gebra, can be written as direct sum E®H®F where H is the Cartan subalgebra 
and E and F are the subalgebras corresponding to the positive and negative 
roots. We have the standard sequence 

. . . K^{E) A\E) A%E) ^ 

with homology groups Hi{E). 
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Note that E — Eq (B Ei is a superspace so that the exterior algebra A{E) is 
defined as the tensor algebra of E divided by the two sided ideal generated by 

The Euler-Poincare principle implies 

A*{E) =H{E) 

where K*{E) ~ ©„>o(— 1)"A"(£') is the alternating sum of exterior powers of 
E and H{E) = ©„>o(— l)"i?„(-E) is the alternating sum of homology groups of 
E. Both sides of this identity are graded by the root lattice //g^i of G and the 
homogeneous subspaces are finite dimensional. The homology groups Hn{E) can 
be calculated in the same way as for Kac- Moody algebras (cf. Q). The result 
is that Hn{E) is the subspace of A"(i?) spanned by the homogeneous vectors 
of A"(£') of degree a G IIg,i with = 0. We can work out the homology 
groups of G explicitly because we know the simple roots. Denote the subspace 
of H{E) with degree a G I/g^i by H{E)a and analogous for E. Let A be a 
primitive norm zero vector in II^i- Then R © ®n>oH{E)n\ = A*(©„>o-Btia)- 
The denominator identity of the fake monster superalgebra now follows easily 
by calculating the character on both sides of K*{E) = H{E). 

More generally if g is an automorphism of G then g commutes with the 
derivations di : A*(_E) A*~^(i?) and we get a sequence 

. . . ^ g{K\E)) ^ g{K\E)) ^ g{K\E)) ^ . 

g induces an isomorphism between the homology groups of the two complexes 
above. Hence we can apply g to both sides of the equation A*{E) — H{E) and 
take the trace. This gives a twisted denominator identity. It depends only on 
the conjugacy class of g in the automorphism group of G. 
Let u be an element of 2.Aut{E%) of odd order N . 

The lattice E% has a unique central extension E% by {1,-1} such that the 
commutator of any inverse images of r, v in E^ is (— 1)^'''''^. Since py(M) has odd 
order it has a lift to Aut{Es) = 2^ .Aut{Es) such that py{u)" fixes all elements 
of Es which are in the inverse image of the vectors of Es fixed by pv(u)" (cf. 
Lemma 12.1 in [g). We define g as the automorphism of G induced by this lift. 

Let Eg be the sublattice of Eg fixed by pv{u)- The natural projection vr : 
R © i?8 ^ M (g) £'g maps Es onto the dual lattice E^* because Eg is unimodular. 
We define the Lorentzian lattice L — i?g ©//i_i with dual lattice L* — E^*(BlIi^i 
and denote the closures of the canonical positive cones by and The 
fake monster superalgebra has a natural i*-grading. For a ~ ir*,a) £ L* we 
define 

£■0,0 = ffi7r(r)=r*£'0,(r,a) 

and analogous for Ei.a- 

Let Ei and Ui denote the eigenvalues of pv{u) and pl{u). 
Then we have 
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Theorem 3.1 

The twisted denominator identity corresponding to g is given by 

n(l - e"y""'*o(") 
(I _i_ ga\multi{a) Z-^ ^ ' 

aeL*+ ^ ' 

where 

multoia) = ^H9'^\Eo,a/ds) 

ds\{{a,L),N) 

and a(A) is the coefRcient of in 

nTT (1 - gjg") 

n>l l<i<8 ^ ' ' 

if A is m times a primitive norm zero vector in and zero else. 

Proof: We consider both sides of A*(£;) = H{E) as L*-graded ^-modules. A*(£') 
is isomorphic to A*{Eo) (8) S*{Ei) if we forget the superstructure on Ei. First 
wc calculate the trace of g on S*{Ei). For that we recall some formulas. Let V 
be a finite dimensional vector space. Then we have 

^(-l)"(dim5"(y))g" = (1 + = exp{ ^(-l)"(rfimy)g"/n} . 

n>0 n>0 

The second equality can be proven by taking logarithms and using the expansion 
log{l + q) = — X^„>o(~l)"'9"/^- This can be generalized to 

^(-1)" tr{g\S^{V))q" = ea;p { ^(-l)"tr(5"|F)g7n} . 

n>0 n>0 

Another formula we need is S*{Vi V2) = <S'*(Fi) S*{V2). Using these two 
formulas we find that the trace of g on S*{Ei) is given by 

<'^P{ E E(-l)"M5"l^i,/3)e"''/n}. 

l3eL'+ n>0 

We want to express the trace in the form 

l3eL*+ l3eL'+n>0 

Taking logarithms and comparing coefficients at e" this implies 

Y (-irtr(5"|^i,/3)/n= Yl (-l)"muZii(/3)/n. 
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The vector a <E L* is a positive multiple m of a primitive vector in L* . This 
vector generates a lattice that we can identify with Z. Then the right hand 
side of the last equation is the convolution product of the arithmetic functions 
h{n) = (— l)"'/n and multi{n). Hence 

mulhia) = J2 h*-\s){-lftr{g'^\E^,^,is)/d. 

ds\m 

Let fj, be the Mobiusfunction and f{n) the arithmetic function which is zero 
if n contains an odd square and (— . . .pk, where the pi are the different 
primes dividing n, else. Then convolution inverse of h{n) is given by 

1 /("•) 6ven 

g has the same order as u because N is odd. The trace tr{g'^\Ei^a) depends 
only on a and (d, A''). This implies that the sum in the expression for mult\{a) 
extends only over ds\{m, N). It is easy to sec that m is equal to the highest 
common factor (a,L) of the numbers (a, (3 £ L. Hence we get the following 
formula 

multi{a)= ^ iJ,{s)tr{g^\Ei^a/ds)/ds . 

ds\((aX),N) 

Note that this formula is wrong for even N. This is another reason why we 
restrict to elements in 2.Aut{Es) of odd order. 

If we express the contributions of A*(£'o) to the trace in the form 

aeL* + 

then we find 

multo{a)= ^ h*-'^{s)tr{g^\Eo,ac/ds)/d 

ds\{{a,L),N) 

with h{n) = 1/n. This function is strongly multiplicative so that its convolution 
inverse is given by /x/i. An argument as above then gives the expression for 
multo{a). 

Next we calculate the trace of g on H{E). We have 
H{E) = (Ba^L'+H{E)„ 

with 

H{E)a = ®,r(r)=r*-ff(-£^)(r,a) 

for a = {r*,a) in Clearly tr{g\H{E)a) is zero if a is not in L and 

tr{g\H{E)a) = tr{g\H{E)a) for a & L. We can also restrict to = 0. Let 



6 



a G C Ilgi be m times a primitive norm zero vector A in II^i- Then A is 
also a primitive vector in L. H{E)a is determined by 

K e ®n>0H{E)nX = A-*{®n>oEo,„x) ® S* {®„>oEi^nx) ■ 

g acts by pv{u) on .Bo.nA — R (8) -Es and by Pl{u) on i?i,„A — C (cf. section 2). 
Going over to complexifications this implies that tr{g\H{E)a) is given by the 
coefficient of in 

i+i:M.i«w..),"=n n 

n>l n>l l<i<8 V ' / 

This finishes the proof of the theorem. 

For u = 1 the theorem gives the denominator identity of the fake monster 

superalgebra. 

If the multiplicities are nonnegative integers then the twisted denominator 
identity is the untwisted denominator identity of a generalized Kac-Moody su- 
peralgebra with the following properties. The root lattice is L* or a sublattice 
thereof. The algebra has no real roots so that the Weyl group is trivial. The 
multiplicities of a root a are given by multo{a) and mult\{a). There are no real 
simple roots and the imaginary simple roots are the norm zero vectors in L*^ . 
The Weyl vector is zero. We describe the multiplicities of the simple roots. Let 
a = nA be a simple root where A is a primitive vector in i+. Suppose that 
and pl{u) have cycle shapes . . a^*" and c^V . . c^' . Then the multiplicities 
of a as even and odd root are given by Yliak\n ^fe ^'^'^ Scfe|n ^fe- 

The formulas for the multiplicities simplify if u has in addition prime order. 
In this case wc only need to calculate the trace of g on .Bo, a and -Bi,^ with 
a e L* and the dimensions of these spaces. We find 

Proposition 3.2 

For a G L* the trace tr{g\Eo^a) is given by the coefhcient of q^^~" in 
2 ii ii (1-eiq^) J-J- J-J- (l-ei5") 

\n>l l<i<8 ^ ' n>\ l<i<8 ^ ' 

ifa G L and zero else. 

Let tr{pL{u)) = tr{pR{u)). Then tr{g\Ei^a) is the coefficient of g^^"" in 



n n IBSy 

n>l l<i<8 ^ ' 



if a G L and zero else. 

Proof: Clearly the trace of g is zero on £^o,a if ct is not in L. For a G L we have 
tr{g\Eo^a) = tr{g\Eo^a)- Write a = (r, a). Then iJo.a is isomorphic as ^f-module 
to the subspace of K),(i-a2)/2 of degree r (cf. section 2). This space is generated 
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contribution of the oscillators and the Lo-contribution of e'' is 5 — ^a^. The 
vector e'^ has Lo-eigenvalue ir^ so that the Lo-contribution of the oscillators is 



by products of fcrmionic and bosonic oscillators and . The sum of the Lg 

1 _ 1 

2 2 

i — — = ^ — ia^. Now wc go over to complcxifications and choose a 
basis of C (g) -Eg in which (u) is diagonal. Then the trace of g on E'o^a is given 
by the coefficient of q^^~" in 



n n 



(l + £,(Z"-l/2) 



Since we only need the half integral exponents of q in this expression we can 
subtract the integral exponents. This proves the first statement. 

The argument for the second statement is similar. Note that there are two 
types of ground states on which u may act differently. We avoid this problem 
by assuming that u has in both representations the same trace. This proves the 
proposition. 

Proposition 3.3 

Let a = (r*,a) € L* and let r-^* € E^^* such that r* + r-^* G E^. Then the 
dimension of £^o,a and £'1,0; is given by the coefficient of in 

wliere 6^±,_^_Eu±{q) is the theta function of the translated lattice r-^* + E^-^. 

Proof: Clearly Eo^a and Ei^^ have the same dimension. The inverse image of r* 

in Es under vr is r* + (r-^* + E^-^). Hence Ei^a = ®7r(r)=r*^'i,(r.a) is isomorphic 
to the direct sum of the Vi^(^i-a^)/2{r* + s) where s is in the translated lattice 
r-^*+Eg-^. As above the sum of the Lo-contribution of the bosonic and fermionic 
oscillators and is ^ — ^a^. The proposition now follows from simple counting. 
We will use the shorter notation 9j.±- (q) in the following. 



4 Two supersymmetric algebras 

In this section we calculate explicitly twisted denominator identities correspond- 
ing to elements in 2.Aut{Es) of order 3 and 7. These identities are the untwisted 
denominator identities of 2 supersymmetric generalized Kac-Moody superalge- 
bras. 

We choose an orthonormal basis {cq, ei, . . . , 67} of and embed the lattice 

Eg as the set of points ^ rriiei where all arc in Z or all arc in Z + ^ and 
f^i is even. In these coordinates the automorphism group of £^8 is generated 
by the permutations of the coordinates, even sign changes and an involution 
generated by the Hadamard matrix. Wc also identify with the alternative 
algebra O of octonions by defining eo as the identity and CiCj = aijkGk — 
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for I < i,j <7 where a^fe is the totally antisymmetric tensor with aijk = 1 for 
ijk = 123, 154, 264, 374, 176, 257, 365. 

The element u = jl{e2 — 63)1(61 — 62)1(66 — 67)1(65 — eg) in 2.Aut{Es) 
has order 3. It is easy to check that the transformations corresponding to 
Pv{u), pl{u) and Pr{u) are all equal and 

pv{u)l = l pv{u)ei = es pv{u)e2 = ei pv{u)es = 62 
pv{u)e4 = 64 pv{u)e5 = 67 pv{u)e6 = 65 pv{u)e7 = e& . 

Hence pv{u), pl{u) and Pr{u) all have cycle shape 1^3^. 
The following proposition collects some results on E'^. 

Proposition 4.1 

TJie sublattice Eg of Es Gxed by py (w) is the 4 dimensional lattice with elements 
(mi, m2, ms, m4) wliere all mi are in Z or all mi are inZ + ^ and ^ rm is even. 
The norm is (mi, 7712, m^, m^Y = 'm'l + w| + 3m| + 3m|. E"^ has determinant 
32 and the quotient Eg*/E^ is Z3 x Z3. The level of E^ is 3 so that 3E^* is a 
sublattice of Eg. The orthogonal complement of Eg in Eg is A2 (B A2. 

We recall some results about modular forms. The congruence subgroup of 
SL2{Z) of level 3 is defined as r(3) = {C^''^) e SL2{Z) | ("rf) = (J?) mod 3}. 
The vector space of modular forms for r(3) with even positive weight n has 
dimension n + 1. A modular form in this vector space is zero if and only if the 
coefficients of q^^^, . . . , 9"/^ in its Fourier expansion are zero. 

For r G A^®A^we define S{r) = 1 if r e A2 © A2 and else. We have 



Proposition 4.2 

Letr e A^®A^. Then 



wiiere e = e27ri/3 



Proof: A2 ®A2 has dimension 4 and level 3 so that Or+A^mA^ is a modular form 
for r(3) of weight 2. The same holds for the right hand side of the formula which 
can be shown by calculating the transformations under a set of generators. The 
proposition follows from comparing the coefficients at q^,q^/^ and q^/^. 
The next identity is a twisted version of Jacobi's identity. 



Proposition 4.3 

Let \q\<l. Then 



2gi/2 



n (1 + g='"-'/')2(l + g"-V2)2 - JJ (1 - g3n-3/2-)2(i _ ^n-l/2-)2 



n>l 



n>l 
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n>l 

Proof: This is an identity between modular forms and therefore can be proven 
by comparing sufficiently many coefficients in their Fourier expansions. 

The proposition implies that the generating functions for tr{g\Eo,a) and 
tr{g\Ei_a) are equal. 

Define c{n) by 



= 2 + 8g + 2V + 72q3 + 18 V + 432g^ + 98 V + 2112(7^ + . . 
Let g be the automorphism induced by u. Then we have 

Theorem 4.4 

The twisted denominator identity corresponding to g is 



TT - 



(l-e")^(-"'/2) (i_e")-(-"V6) 



(1 I paV(-a2/2) 11 (1 I gaV(-a2/6) 



where a(A) is the coefEcient of in 

(1 -g")2 
(l + g3")2(l + g")2 



n (i+,3n;2;i+'„;2 = i - 4? + 4,^ - 4,3 + 20,^ - 24,^ 

if A is ri times a primitive norm zero vector in and zero else. 

Proof: Recall that 3L* C L because L has level 3. Furthermore 3 divides (a, L) 
if and only if a S 3L*. We consider now 4 cases. 

a ^ L. Then a ^ 3L* and by Proposition |3.2| the multiplicities multo{a) and 
multi{a) are zero. 

a £ L and a ^ 3L*. Then multQ{a) — tr(g\EQ^a) and multi{a) = tr{g\Ei_a)- 
Using Propositions |3.2| and [4.3| we find multQ{a) — multi{a) = c{~a'^ /2). 
a e 3L* and a ^ 3i. Then multo{a) = tr{g\Eo^a) + tr{l\Eo,a/3)/S- The first 
term gives c{—a'^/2). Write a/3 = {r*,a) where r* is in E^* but not in Eg and 
choose r*^ as in Proposition 3.3. Then the dimension of Eq ^/s is the coefficient 
of q~" in ^rj{q^)^9j.^*{q)/rj{qY^ or equivalently the coefficient of in 
8r){q^)^e^±,{q^)/r]{q^)^^ . Note that e 6Z. We have a^/g = r*^ = -r-^*^ 
mod 2 and 0^/6 = — 3r-'-*2/2 mod 3 so that by Proposition 



4 r7(£^g)' 
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The coefficient of q " in 8r]{q^)^0r±* {q^)/'r]{q^)^^ is equal to the coefficient of 

This shows that multoia) = c{—a^/2) + c(— a^/6). The result for multi{a) is 
clear. 

a G 3L. Then multa{a) ^ tr{g\Eo^a) - i?'(5|£^o,a/3)/3 + tr(l|i?o,Q/3)/3- Here 
we have an additional term in 9^±t which cancels exactly with the term from 
tr(g\EQ a/3) so that we get the same result for multoia) as in the case before. 
The result for multiir) is again clear. 
This proves the theorem. 

Since the multiplicities are all nonnegative integers there is a generalized 
Kac-Moody superalgebra whose denominator identity is the identity given in 
the theorem. 

Corollary 4.5 

There is a generalized Kac-Moody superalgebra with root lattice L and root 
multiplicities given by 

multo{a) — multi{a) ~ c(— q;^/2) a £ L, a ^ 3L* 

and 

multoia) = multi{a) = c(— + c(— a^/6) a G 3L* . 

The simple roots of are the norm zero vectors in L+. Their multiplicities as 
even and odd roots are equal. Let X be a simple root. Then multQ^X) = 4 if A 
is 3n times a primitive vector in and multQ{X) ~ 2 else. 

As the fake monster superalgebra this algebra is supersymmetric and has no 
real roots. The Weyl group is trivial and the Weyl vector is zero. The super- 



symmetry is a consequence of the twisted Jacobi identity in Proposition 4.3. 
In a forthcoming paper we show that the denominator function of this algebra 
defines an automorphic form for a discrete subgroup of Oe,2(^) of weight 2. 

Now we consider the next example. The analysis is similar to the above one. 
The element u = ^l{eQ - 67)1(65 - 60)1(64 - 65)1(63 - 64)1(62 - 63)1(61 - 62) 
in 2.Aut{Es) has order 7. The transformations corresponding to pv{u), pl{u) 
and pr{u) are all equal and 

pv{u)l^l pv{u)ei=er pv{u)e2=ei /9y(u)63 = 62 
py(M)64 = 63 pv{u)e5 = e4 pv{u)ee^e5 pv{u)eT^eQ. 

Hence pv{u), pl{u) and pr{u) have cycle shape 1^7^. We have 
Proposition 4.6 

The sublattice Eg of Eg fixed by pv{u) is the 2 dimensional lattice with elements 
(7Tii,TO2), where either mi and 7712 are in 1 and m\ + rn2 Is even or mi and 
7712 are in Z + ^ and mi + 7712 is odd, and norm (mi, 7772)^ = mf + 7m\. The 
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quotient E^* /E^ is Z7 and has level 7. The orthogonal complement of Eg 
in Eg, is isomorphic to Aq. 

The theta function 9r+Ae of a coset r + A^ of Aq in its dual depends only on 
mod 2. 

Proposition 4.7 

Let r€A^. Then 




where s = e^'^*/''. 



The following supersymmetry relation holds. 



Proposition 4.8 

Let \q\<l. Then 




n(i+ /")(!+ 



n>l 



Here we define the numbers c(n) by 



n>0 




n>l 



= l + 2q + 4q^ + 8q^ + Uq^ + 2Aq^ + 40g^ + 66g^ + . . . 
Write g for the automorphism induced by u. Then 



Theorem 4.9 

The twisted denominator identity corresponding to u is 

(1 _ e«)^(-«V2) (1 _ ga)c(-aVl4) 




where a{\) is the coeiEcient of (f' in 



n 



(i-g"")(i-g") 

(l + g7")(l + gn) 



1 - 2g + 2g* - 2q' + 4<f - let - + 6g^^ - . . . 



if A is n times a primitive norm zero vector in L+ and zero else. 
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Again the multiplicities are all nonnegative integers and we have 
Corollary 4.10 

There is a generalized Kac-Moody superalgebra with root lattice L and root 
multiplicities given by 

'multo{a) = multi{a) = c(— a G L, a ^ 7L* 

and 

multo{oi) ~ multi{a) = c{—a^/2) + c(— a^/14) a G 7L* . 

The simple roots of are the norm zero vectors in . Let X be a simple root. 
Then multo{X) = mult\{\) = 2 if A is 7n times a primitive vector in Z/+ and 
multo{X) = multi{X) = 1 else. 

The (knioininator identity of this algebra is given by the identity in the above 
theorem. It defines an automorphic form for a subgroup of 04,2 (K) of weight 1. 
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